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Periodicity
▪ Condition: 𝑥 𝑡 = 𝑥(𝑡 + 𝑇)

𝑥 𝑡 = 𝑒𝑗𝜔𝑜𝑡



Periodicity
𝑥 𝑡 = 𝑥1 𝑡 + 𝑥2 𝑡  + . .

𝑥 𝑡 = 1 + 2 cos 10𝑡 + 1 − 𝑠𝑖𝑛 4𝑡 − 1





Periodicity
▪ Condition: 𝑥 𝑛 = 𝑥(𝑛 + 𝑁)

𝑥 𝑛 = 𝑒𝑗Ω𝑜𝑛

𝑒𝑗(Ω𝑜+𝑘2𝜋)𝑛 = 𝑒𝑗Ω𝑜𝑛

𝑒𝑗Ω𝑜(𝑛+𝑁) = 𝑒𝑗Ω𝑜𝑛



Periodicity
𝑥 𝑛 = 𝑥1 𝑛 + 𝑥2 𝑛  + . .

𝑥 𝑛 = 𝑒𝑗
2𝜋
3 𝑛  + e𝑗

3𝜋
4 𝑛



Periodicity
▪ Harmonically Related
▪ Fundamental frequency 𝑓0

▪ mth harmonic 𝑓𝑚 = 𝑚𝑓0

𝑥 𝑡 = cos 10𝜋𝑡 + 𝑐𝑜𝑠 20𝜋𝑡



Online Demos
Sinusoidal Player :

◦ https://nikeshbajaj.github.io/teaching/demos/SP/sinusoidal_player.html 

Oscillator 
◦ https://c4fa.github.io/nikJS/SineWave.html

Fourier Series
◦ https://www.falstad.com/fourier/

https://nikeshbajaj.github.io/teaching/demos/SP/sinusoidal_player.html
https://c4fa.github.io/nikJS/SineWave.html
https://www.falstad.com/fourier/
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(1749-1827)(4 January 1643 – 
31 March 1727)

(1768 –1830)

Guess….?

13



History
In 1748

◦ L. Euler: Vibrating String

◦ Vertical deflation at any time is the linear combination of ‘normal modes’, he 
showed it

In 1753
◦ D. Bernouli argued same on physical ground (No math) but was not accepted. 

◦  idea of ‘Trigonometric series’ was discarded

In 1759

◦  J. L. Langrange strongly criticized Trig. Series.

14



Fourier

Jean Baptiste Joseph Fourier
21 March 1768 – 16 May 1830, Auxerre, France
Mathematician, Egyptologist, Revolutionary Discovery (1822). Scientific Advisor
Work: heat conduction

• He claimed that any periodic signal can be represented by a 
series of harmonically related sinusoidal.

FOURIER SERIES

• He also obtained a representation of Aperiodic signal, not as 
weighted sum of  harmonically related sinusoidal, but as 
weighted Integral of sinusoidal that are not at all harmonically 
related.

FOURIER INTEGRAL or TRANSFORM

“Fourier Series is a Great Mathematical Poem”
- Lord Kelvin (William Thompson)
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Fourier Series

Any periodic signal can be represented by a series of harmonically related sinusoidal.





Fourier Series

𝑥 𝑡 = ෍

𝑘=−∞

∞

𝑎𝑘 𝑒𝑗𝑘𝜔0𝑡

𝑓𝑢𝑛𝑑. 𝑝𝑒𝑟𝑖𝑜𝑑 𝑇0 =
2𝜋

𝜔0

ak =
1

𝑇0
න

𝑇0

𝑥(𝑡) 𝑒
−𝑗𝑘

2𝜋
𝑇0

𝑡
𝑑𝑡

ak =
1

𝑇0
න

𝑇0

𝑥(𝑡) 𝑒−𝑗𝑘𝜔0𝑡𝑑𝑡

a−k = ak
∗

▪ Synthesis equation

▪ Analysis equation



Fourier Series
𝑥 𝑡 = cos(3𝜋𝑡/4)

𝑥 𝑡 = sin(3𝜋𝑡/4)





Fourier Series
𝑥 𝑡 = 1 + 2 cos 2𝜋𝑡 + sin(3𝜋𝑡) 



Fourier Series

𝑥 𝑡 = ቊ
1 𝑓𝑜𝑟 𝑡 < 𝑇1

0 𝑓𝑜𝑟 𝑡 > 𝑇1
𝑤𝑖𝑡ℎ 𝑝𝑒𝑟𝑖𝑜𝑑 𝑇0



Fourier Series

𝑥 𝑡 = ቊ
1 𝑓𝑜𝑟 𝑡 < 𝑇1

0 𝑓𝑜𝑟 𝑡 > 𝑇1
𝑤𝑖𝑡ℎ 𝑝𝑒𝑟𝑖𝑜𝑑 𝑇0





Fourier Series

𝑥 𝑡 = ቊ
1 𝑓𝑜𝑟 𝑡 < 𝑇1

0 𝑓𝑜𝑟 𝑡 > 𝑇1
𝑤𝑖𝑡ℎ 𝑝𝑒𝑟𝑖𝑜𝑑 𝑇0

𝑇0 = 4𝑇1



Fourier Series

𝑥 𝑡 = ቊ
1 𝑓𝑜𝑟 𝑡 < 𝑇1

0 𝑓𝑜𝑟 𝑡 > 𝑇1
𝑤𝑖𝑡ℎ 𝑝𝑒𝑟𝑖𝑜𝑑 𝑇0

𝑇0 = 8𝑇1



Fourier Series

𝑥 𝑡 = ቊ
1 𝑓𝑜𝑟 𝑡 < 𝑇1

0 𝑓𝑜𝑟 𝑡 > 𝑇1
𝑤𝑖𝑡ℎ 𝑝𝑒𝑟𝑖𝑜𝑑 𝑇0

𝑇0 = 16𝑇1



Fourier Series

𝑥 𝑡 = ቊ
1 𝑓𝑜𝑟 𝑡 < 𝑇1

0 𝑓𝑜𝑟 𝑡 > 𝑇1
𝑤𝑖𝑡ℎ 𝑝𝑒𝑟𝑖𝑜𝑑 𝑇0

◦ In general, 𝑎𝑘
′ s are complex

◦ Spectrum: Magnitude and Phase



Fourier Series: Synthesis
Synthesis with finite number of components

Demo:  https://www.falstad.com/fourier/

https://www.falstad.com/fourier/


Fourier Series: Convergence
Dirichlet condition
Developed by P. L. Dirichlet

◦ Condition 1: Over any period 𝑇, 𝑥 𝑡  must be absolutely 
integrable; that is

◦ Condition 2: In any finite interval of time, 𝑥 𝑡  is of bounded 
variation; that is, there are no more than a finite number of 
maxima and minima during any single period of the signal.

◦ Condition 3: In any finite interval of time, there are only a finite 
number of discontinuities. Furthermore, each of these 
discontinuities is finite.

න
𝑇

𝑥 𝑡  𝑑𝑡 <  ∞



Fourier Series: Properties & Pairs
◦ Linearity

◦ Time- shifting

◦ Time Reversal

◦ Time-scaling

◦ Multiplication

◦ Parseval's Relation



Table from Book

Chapter: 3
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Fourier Transform

Any aperiodic signal can be represented as weighted Integral of sinusoidal that are 
not at all harmonically related.



Fourier Transform

𝑥 𝑡 =
1

2𝜋
න

−∞

∞

𝑋 𝑗𝜔 𝑒𝑗𝜔𝑡𝑑𝜔

𝑋(𝑗𝜔) = න
−∞

∞

𝑥(𝑡) 𝑒−𝑗𝜔𝑡𝑑𝑡

▪ Synthesis equation

▪ Analysis equation



Fourier Transform
Fourier Series to Fourier Transform

𝑇 = 4𝑇1

𝑇 = 8𝑇1

𝑇 = 16𝑇1

𝑇 → ∞



Fourier Transform
𝑥 𝑡 = 𝑒−𝑎𝑡𝑢 𝑡     a>0





Fourier Transform
𝑥 𝑡 = 𝑒−𝑎|𝑡|    a>0



Fourier Transform
𝑥 𝑡 = 𝛿(𝑡)



Fourier Transform

𝑥 𝑡 = ቊ
1, 𝑡 < 𝑇1

0, 𝑡 > 𝑇1



Fourier Transform: Inverse

X 𝑗𝜔 = ቊ
1, 𝜔 < 𝑊1

0, 𝜔 > 𝑊1



Fourier Transform: Duality



Fourier Transform: Convergence
Dirichlet condition

◦ Condition 1: 𝑥 𝑡  must be absolutely integrable; that is

◦ Condition 2: 𝑥 𝑡  have finite number of maxima and minima for any finite interval of time.

◦ Condition 3: 𝑥 𝑡  have a finite number of discontinuities within any finite interval. 
Furthermore, each of these discontinuities must be finite.

න
−∞

∞

𝑥 𝑡  𝑑𝑡 <  ∞



FT Properties

Chapter: 4



FT Pairs

Chapter: 4



Fourier Transform: Properties
Linearity

𝑥 𝑡 = 𝑒−𝑎𝑡𝑢 𝑡   + 3𝑒−𝑏𝑡𝑢 𝑡    a, b>0



Fourier Transform: Properties
Time-shift

𝑥 𝑡 = 𝑒−𝑎(𝑡+1)𝑢 𝑡 + 1   a>0



Fourier Transform: Properties
Frequency-shift

X 𝑗𝜔 = ቊ
1, 𝑊1 < 𝜔 < 2𝑊1

0, 𝑒𝑙𝑠𝑒.



Online Demos
Sinusoidal Player :

◦ https://nikeshbajaj.github.io/teaching/demos/SP/sinusoidal_player.html 

Oscillator 
◦ https://c4fa.github.io/nikJS/SineWave.html

◦ https://c4fa.github.io/nikJS/Choreography.html

Fourier Series
◦ https://www.falstad.com/fourier/

◦ https://www.desmos.com/calculator 

https://nikeshbajaj.github.io/teaching/demos/SP/sinusoidal_player.html
https://c4fa.github.io/nikJS/SineWave.html
https://www.falstad.com/fourier/
https://www.desmos.com/calculator


Exercises: Do at home
Book: Alan V. Oppenheim

Chapter 3 : Fourier Series – only continues-time

Chapter 4: Fourier Transform – only continues-time

Examples

Basic Problems
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