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Time Series Analysis

▪Time Series Analysis
Time Series Analysis
Sources & Processing

▪ Stochastics processes

▪ Correlation

▪ ACF, AVF, PACF, Noise, Visualisation

▪ MA, AR, ARMA, ARIMA

▪ Stationary & Non-stationary

▪ Seasonality
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Time Series Analysis: Source
▪ Time Series - temporal discreet data -  time-dependent - signal x(n)

▪ All time-series are considered to be generated by a source

▪ Objective of TSA is to analyse the source, from given a time-series

Source: 
S1

Source: 
S2
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Time series is a realization of a stochastic process



Time Series Analysis: Source
▪ We analyse time-series, in order to know more about the source

▪ We will model these sources using some mathematical models 
(stochastic processes)
▪ AR (q), MA(p), ARMA, ARIMA

▪ We will analyse properties of time-series, that help to understand, 
which model they come from
▪ ACF, AVF, PACF



Time series are typically referred to temporal data collected in specifics fields 
such as:

◦ Marketing time series

◦ Economics and Financial time series

◦ Demographic time series

◦ Population time series

◦ Physical time series

…

Time Analysis
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Random Variable 𝑋: 𝑆 → 𝑅
Random variable
◦ Not quite a variable x from algebra

◦ Ways to map random processes to numbers

◦ 𝑋: 𝑆 → 𝑅

◦ Continues/ Discreet random Variable

Examples

◦ 𝑋 =  ቊ
1,  𝑓𝑜𝑟 ℎ𝑒𝑎𝑑
0,  𝑓𝑜𝑟 𝑡𝑎𝑖𝑙

◦ Y = 𝑠𝑢𝑚 𝑜𝑓 𝑡𝑤𝑜 𝑑𝑖𝑐𝑒

𝑃 𝑋 = 1  

𝑃(𝑌 < 3)



Expected value
Expected value 𝐸 𝑋  is a mean of random variable 𝑋

    𝜇𝑋 = 𝐸 𝑋 = ∑𝑥𝑝(𝑋 = 𝑥)

𝜇𝑋 = 𝐸 𝑋 ≡ mean of source X



Expected value: Example



Expected value: Example



Estimation of Expected value: mean
Expected value 𝐸 𝑋  is a mean of random variable 𝑋

    𝜇𝑋 = 𝐸 𝑋 = ∑𝑥𝑝(𝑋 = 𝑥)

◦ Which is estimated from realization x, as sample mean 

 Ƹ𝜇𝑋 =
1

𝑁
∑𝑥𝑖



Example
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Variance & Standard Deviation
Variance:  𝑉 𝑋 =  𝐸 𝑋 − 𝜇𝑋

2   =  𝜎𝑋
2

𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 =  𝜎𝑋 



Estimation of Variance & Standard 
Deviation
Variance:  𝑉 𝑋 =  𝐸 𝑋 − 𝜇𝑋

2   =  𝜎𝑋
2

𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 =  𝜎𝑋

◦ This is estimated from realization x, 

 ො𝜎𝑋
2 =

1

𝑁 − 1
∑(𝑥𝑖  − Ƹ𝜇𝑋)2



Covariance
Variance of x

Covariance of x and y (cross-covariance)

 

𝜎𝑋
2  =  𝐸 𝑋 − 𝜇𝑋

2 = 𝐸 𝑋 − 𝜇𝑋 𝑋 − 𝜇𝑋 = ∑ 𝑥 − 𝜇𝑋
2𝑃(𝑋 = 𝑥)

𝜎𝑋𝑌
2 = 𝐸 𝑋 − 𝜇𝑋 𝑌 − 𝜇𝑌 = 𝜎𝑌𝑋

2

  𝐸 𝑋 − 𝜇𝑋 𝑌 − 𝜇𝑌 = ∑(𝑥 − 𝜇𝑋)(𝑦 − 𝜇𝑌)𝑃(𝑋 = 𝑥, 𝑌 = 𝑦) 



Example



Estimation of Covariance
Variance of x

Covariance of x and y (cross-covariance)

Covariance of x and y can be estimated as 

𝜎𝑋
2  =  𝐸 𝑋 − 𝜇𝑋

2 = 𝐸 𝑋 − 𝜇𝑋 𝑋 − 𝜇𝑋 = ∑ 𝑥 − 𝜇𝑋
2𝑃(𝑋 = 𝑥)

𝜎𝑋𝑌
2 = 𝐸 𝑋 − 𝜇𝑋 𝑌 − 𝜇𝑌 = 𝜎𝑌𝑋

2

  𝐸 𝑋 − 𝜇𝑋 𝑌 − 𝜇𝑌 = ∑(𝑥 − 𝜇𝑋)(𝑦 − 𝜇𝑌)𝑃(𝑋 = 𝑥, 𝑌 = 𝑦) 

ො𝜎𝑋𝑌
2 =  𝐶𝑜𝑣 𝑥, 𝑦 =

1

𝑁 − 1
෍

𝑖=1

𝑁

𝑥𝑖 − Ƹ𝜇𝑋 𝑦𝑖 − Ƹ𝜇𝑌
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Correlation
Correlation is closely related to covariance, so it can be computed as:

𝜌𝑋𝑌 =
𝜎𝑋𝑌

2

𝜎𝑋𝜎𝑌

−1 ≤ 𝜌𝑋𝑌≤ 1

𝐶𝑜𝑟𝑟 𝑥, 𝑦 =
𝐶𝑜𝑣(𝑥, 𝑦)

ො𝜎𝑥 ො𝜎𝑦



Example



Stochastic Processes: Time series
Collection of Random variable

◦  𝑋1  𝑋2 𝑋3 …

◦   20    32    22

◦ 𝑋𝑛 ~ 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛(𝜇𝑛, 𝜎𝑛
2), 

◦ Time series



Types of characteristics

Time-series = signal

(a) (weak) Stationary

(b) Non-stationary

(c) Season variation: seasonality

(d) Non-stationary due to external disturbance



Stationarity
Stationary (a): 
◦ No systematic change in time-series, 

◦ No trends, 

◦ No change in mean

◦ No period fluctuation

Properties of one part (section) of signal, 
is same as another part of signal



Non-Stationarity
Non-Stationary (b) & (c): 
◦ trends, 

Properties of one part (section) of signal, 
is NOT same as another part of signal

Transform into Stationary time series



Stationarity



Autocovariance Coefficient

Autocovariance Coefficient

𝐶𝑘 =
1

𝑁 − 𝑘
෍

𝑡=1

𝑁−𝑘

𝑥𝑡 − ҧ𝑥 𝑥𝑡+𝑘 − ҧ𝑥 . 

Where,              ҧ𝑥 =
1

𝑁
∑𝑖=1

𝑁 𝑥𝑖



Autocovariance Coefficient

Autocovariance Coefficient

𝐶𝑘 =
1

𝑁 − 𝑘
෍

𝑡=1

𝑁−𝑘

𝑥𝑡 − ҧ𝑥 𝑥𝑡+𝑘 − ҧ𝑥 . 

Where,              ҧ𝑥 =
1

𝑁
∑𝑖=1

𝑁 𝑥𝑖
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Noise



Random Walk



MA



AR



ARMA











Examples
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