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Recap
So far, we have learned:
◦ Basic concepts of Stochastic Processes, Random Variables
◦ Time series as Stochastic Process
◦ Characteristics  of time series: Stationarity, Seasonality, Non-stationarity

◦ Autocovariance Function AVF: 𝛾𝑘  and estimations
◦ Autocorrelation Function ACF: 𝜌𝑘  and estimations

◦ Partial Autocorrelation Function PACF -  will be covered after models



Random Walk
Model: 𝑋𝑛 = 𝑋𝑛−1 + 𝑍𝑛 𝑍𝑛~ 𝑁(𝜇, 𝜎2)

𝑋𝑛 = ෍

𝑖=0

𝑛

𝑍𝑖



Random Walk
Model: 𝑋𝑛 = 𝑋𝑛−1 + 𝑍𝑛

𝑍𝑛~ 𝑁(𝜇, 𝜎2)

𝐸[𝑋𝑛] = 𝐸 ෍

𝑖=0

𝑛

𝑍𝑖 = ෍

𝑖=0

𝑛

𝐸[𝑍𝑖] = 𝜇𝑛

𝑋𝑛 = ෍

𝑖=0

𝑛

𝑍𝑖

𝑉[𝑋𝑛] = 𝑉 ෍

𝑖=0

𝑛

𝑍𝑖 = ෍

𝑖=0

𝑛

𝑉[𝑍𝑖] = 𝜎2𝑛

Stationary or not??



Random Walk: Simulate and compute AVF and ACF





Difference Operator on random walk
Difference Operator

◦ Difference Operator ∇𝑋 = 𝑋𝑛  − 𝑋𝑛−1 

◦ 𝑋𝑛 =  𝑋𝑛−1 + 𝑍𝑛

◦ 𝑋𝑛  −  𝑋𝑛−1 =  𝑍𝑛 = ∇𝑋  noise

◦ Now we can compute AVF and ACF  of ∇𝑋 

Stationary or not??



Simulate



∇



Connection to Signal and Systems



Moving Average processes: MA(q)
Stationary Time Series Models

Model: order q

𝑋𝑛 = 𝑍𝑛 + 𝜃1𝑍𝑛−1 + 𝜃2𝑍𝑛−2  … 𝜃𝑞𝑍𝑛−𝑞

MA(1): 𝑋𝑛 = 𝑍𝑛 + 𝜃1𝑍𝑛−1

𝑍𝑛~ 𝑁(𝜇, 𝜎2) iid noise

MA(2): 𝑋𝑛 = 𝑍𝑛 + 𝜃1𝑍𝑛−1 + 𝜃2𝑍𝑛−2



Example



Simulate

Compute ACF

𝑀𝐴 2
𝑋𝑛 = 𝑍𝑛 + 0.7𝑍𝑛−1 + 0.2𝑍𝑛−2

𝑍𝑛~ 𝑁 𝜇 = 0, 𝜎2 = 1
𝑍𝑛 𝑎𝑟𝑒 𝑖𝑖𝑑



Simulate

Compute ACF

𝑀𝐴 2
𝑋𝑛 = 𝑍𝑛 + 0.7𝑍𝑛−1 + 0.2𝑍𝑛−2

𝑍𝑛~ 𝑁 𝜇 = 0, 𝜎2 = 1
𝑍𝑛 𝑎𝑟𝑒 𝑖𝑖𝑑





Connection to Signal and Systems



Autoregressive Processes: AR(p)
Stationary Time Series Models

Model: order p

𝑋𝑛 = 𝑍𝑛 + 𝜙1𝑋𝑛−1 + 𝜙2𝑋𝑛−2  … 𝜙𝑞𝑋𝑛−𝑝

AR(1): 𝑋𝑛 = 𝑍𝑛 + 𝜙1𝑋𝑛−1 -- random walk for 𝜙1=1 

𝑍𝑛~ 𝑁(𝜇, 𝜎2) iid noise

AR(2): 𝑋𝑛 = 𝑍𝑛 + 𝜙1𝑋𝑛−1 + 𝜙2𝑋𝑛−2

𝑋𝑛 = 𝑍𝑛 + ℎ𝑖𝑠𝑡𝑜𝑟𝑦



Example



Simulate

Compute ACF

𝐴𝑅 2
𝑋𝑛 = 𝑍𝑛 + 0.7𝑋𝑛−1 + 0.2𝑋𝑛−2

𝑍𝑛~ 𝑁 𝜇 = 0, 𝜎2 = 1
𝑍𝑛 𝑎𝑟𝑒 𝑖𝑖𝑑



Connection to Signal and Systems



D: Delay Operator (B backshift operator)
There are different notations for this operator, we will use D  for this operator 
taking from Signal and Systems lectures 

𝐷𝑋𝑛 =  𝑋𝑛−1

𝐷2𝑋𝑛 =  𝑋𝑛−2

𝐷𝑝𝑋𝑛 =  𝑋𝑛−𝑝









AR and MA
AR: 𝑋𝑛 = 𝑍𝑛 + 𝜙1𝑋𝑛−1 + 𝜙2𝑋𝑛−2  … 𝜙𝑞𝑋𝑛−𝑝

𝑋𝑛 = 𝑍𝑛 + 𝜙1𝐷𝑋𝑛 + 𝜙2𝐷2𝑋𝑛  … 𝜙𝑞𝐷𝑝𝑋𝑛

 𝑋𝑛(1 −  (𝜙1𝐷 + 𝜙2𝐷2  … + 𝜙𝑞𝐷𝑝))  = 𝑍𝑛

 𝑋𝑛𝜙(𝐷)  = 𝑍𝑛 

 𝑋𝑛=
1

𝜙(𝐷)
𝑍𝑛 

 𝑋𝑛=
1

1 − (𝜙1𝐷+𝜙2𝐷2 … + 𝜙𝑞𝐷𝑝)
𝑍𝑛 

MA: 𝑋𝑛 = 𝑍𝑛 + 𝜃1𝑍𝑛−1 + 𝜃2𝑍𝑛−2  … 𝜃𝑞𝑍𝑛−𝑞



AR and MA Processes

AR(p) : 𝑋𝑛 = 𝑍𝑛 + 𝜙1𝑋𝑛−1 + 𝜙2𝑋𝑛−2  … 𝜙𝑞𝑋𝑛−𝑝

MA(q): 𝑋𝑛 = 𝑍𝑛 + 𝜃1𝑍𝑛−1 + 𝜃2𝑍𝑛−2  … 𝜃𝑞𝑍𝑛−𝑞

𝑋𝑛 = 𝜃𝑞(𝐷)𝑍𝑛 𝜃𝑞 𝐷 = (1 + 𝜃1𝐷 + 𝜃2𝐷2 + … + 𝜃𝑞𝐷𝑞)

𝑍𝑛 = 𝜙𝑝(𝐷)𝑋𝑛 𝜙𝑝 𝐷 = 1 − (𝜙1𝐷 + 𝜙2𝐷2 + … + 𝜙𝑝𝐷𝑝)



Duality & Invertibility
𝑀𝐴 𝑞 ⇒ 𝐴𝑅 ∞ ∶ 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛
𝐴𝑅 𝑞 ⇒ 𝑀𝐴(∞) : 𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑖𝑡𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛

𝑀𝐴 𝑞 :  𝑋𝑛 = 𝜃𝑞(𝐷)𝑍𝑛 𝐴𝑅 𝑝 : 𝑍𝑛 = 𝜙𝑝(𝐷)𝑋𝑛

𝑋𝑛= 𝜃𝑞 𝐷 𝑍𝑛
1

𝜃𝑞(𝐷)
𝑋𝑛 = 𝑍𝑛

1

𝜙𝑝(𝐷)
𝑍𝑛 = 𝑋𝑛



AR(1) Process, Stationary?
𝑋𝑛 = 𝑍𝑛 + 𝜙1𝑋𝑛−1



AR(1) Process, Stationary?

𝑋𝑛 =  𝑍𝑛 + 𝜙𝑋𝑛−1 

 𝑋𝑛 − 𝜙𝑋𝑛−1  =  𝑍𝑛 
𝑋𝑛 − 𝜙𝐷𝑋𝑛  =  𝑍𝑛 

 

        𝜙 𝐷 𝑋𝑛 = 𝑍𝑛 

 𝑋𝑛 =
1

1 − 𝜙𝐷
𝑍𝑛 

𝑋𝑛 = 1 + 𝜙𝐷 + 𝜙2𝐷2 +  … 𝑍𝑛

𝐸 𝑋𝑛 = 0

𝑉𝑎𝑟 𝑋𝑛 = 𝜎2 ෍

𝑖

𝜙𝑖 



Example



Simulate

𝐴𝑅 2
𝑋𝑛 = 𝑍𝑛 + 0.7𝑋𝑛−1 + 0.2𝑋𝑛−2

𝑍𝑛~ 𝑁 𝜇 = 0, 𝜎2 = 1
𝑍𝑛 𝑎𝑟𝑒 𝑖𝑖𝑑



Simulate

𝐴𝑅 1
𝑋𝑛 = 𝑍𝑛 + 0.7𝑋𝑛−1

𝑍𝑛~ 𝑁 𝜇 = 0, 𝜎2 = 1
𝑍𝑛 𝑎𝑟𝑒 𝑖𝑖𝑑



Summary: Problem
For MA(q) processes, ACF reveals the order of model -  FIR

For AR(p) processes, ACF shows infinite order  -  IIR



Partial Autocorrelation Function: PACF
▪ With models like AR, there are more random variables 
that are highly correlated to each other. 

▪ For example, 𝑋𝑝 might be highly correlated to other 
𝑋𝑝+1and 𝑋𝑝+5 too

▪Computing correlation of 𝑋𝑝 and 𝑋𝑞 after removing the 
correlations from other variables is called conditional 
correlation or partial correlation

S

X1
Xp Xq

𝐶𝑜𝑟𝑟 𝑋𝑝, 𝑋𝑞  | 𝑋𝑝+1 , 𝑋𝑝+2 … 𝑋𝑝+𝑞−1

𝑃𝑘 =  𝐶𝑜𝑟𝑟 𝑋𝑝, 𝑋𝑝+𝑘  | 𝑋𝑝+1 , 𝑋𝑝+2 … 𝑋𝑝+𝑘−1



Partial Autocorrelation Function: PACF
Partial autocorrelation is defined as:

Where

Best estimation with Linear regression fit

𝑃𝑘 =
𝐶𝑜𝑣 𝑋𝑝  − ෠𝑋𝑝 𝑋𝑝+𝑘  − ෠𝑋𝑝+𝑘

𝑉𝑎𝑟 𝑋𝑝  − ෠𝑋𝑝 𝑉𝑎𝑟 𝑋𝑝+𝑘  − ෠𝑋𝑝+𝑘

෠𝑋𝑝 = 𝛽1𝑋𝑝+1 + 𝛽2𝑋𝑝+2 + … + 𝛽𝑘−1𝑋𝑝+𝑘−1 

𝑃𝑘 =  𝐶𝑜𝑟𝑟 𝑋𝑝, 𝑋𝑝+𝑘 | 𝑋𝑝+1 , 𝑋𝑝+2 … 𝑋𝑝+𝑘−1



Partial Autocorrelation Function: PACF
Partial autocorrelation is defined as:

In terms of linear regression

𝑃𝑘 =
𝐶𝑜𝑣 𝑋𝑝  − ෠𝑋𝑝 𝑋𝑝+𝑘  − ෠𝑋𝑝+𝑘

𝑉𝑎𝑟 𝑋𝑝  − ෠𝑋𝑝 𝑉𝑎𝑟 𝑋𝑝+𝑘  − ෠𝑋𝑝+𝑘

𝑃𝑘 =  𝐶𝑜𝑟𝑟 𝑋𝑝, 𝑋𝑝+𝑘 | 𝑋𝑝+1 , 𝑋𝑝+2 … 𝑋𝑝+𝑘−1

𝑋𝑝+𝑘 = 𝜙𝑘1𝑋𝑝+𝑘−1 + 𝜙𝑘2𝑋𝑝+𝑘−2 + ⋯ + 𝜙𝑘𝑘 𝑋𝑝  + 𝑒𝑝+𝑘 



Estimation Partial Autocorrelation Function: PACF
Partial Autocorrelation can be estimated using recursive equations 

෠𝜙𝑘+1,𝑘+1 =
ො𝜌𝑘+1 − σ𝑗=1

𝑘 ෠𝜙𝑘𝑗 ො𝜌𝑘+1−𝑗

1 − σ𝑗=1
𝑘 ෠𝜙𝑘𝑗 ො𝜌𝑘𝑗

Ref: Book: Section 2.5.4

෠𝜙𝑘+1,𝑗 = ෠𝜙𝑘𝑗  − ෠𝜙𝑘+1,𝑘+1
෠𝜙𝑘,𝑘+1−𝑗 𝑓𝑜𝑟 𝑗 = 1 … 𝑘 



Example: ACF, PACF

Chapter 2: 
Example 2.4, 
Example 2.5

𝑋 = [13, 8, 15, 4, 4, 12, 11, 7, 14, 12]



Solution

ො𝜌1 = −0.188,
ො𝜌2 = −0.201,
ො𝜌3 = 0.181,

෠𝜙11 =  ො𝜌1= −0.188,
෠𝜙22 = −0.245
෠𝜙21 = −0.234,
෠𝜙33 = 0.097,



Partial Autocorrelation Function: PACF



Questions for practice
ACF: 2.5.3, 

Chapter 2:

Example 2.4

Example 2.5

Checked solved examples

Chapter 3:

Checked solved examples



Autoregressive Moving Average: ARMA(p,q)

A generalized for for AR, MA or combination

𝑀𝐴 𝑞 :  𝑋𝑛 = 𝜃𝑞(𝐷)𝑍𝑛

𝐴𝑅 𝑝 : 𝑍𝑛 = 𝜙𝑝(𝐷)𝑋𝑛

𝐴𝑅𝑀𝐴 𝑝, 𝑞 : 𝜙𝑝 𝐷 𝑋𝑛 =  𝜃𝑞(𝐷)𝑍𝑛



ARMA(p,q)

𝐴𝑅𝑀𝐴 1,1

1 + 𝜙1𝐷 𝑋𝑛 = (1 + 𝜃1𝐷)𝑍𝑛

1 + 0.3𝐷 𝑋𝑛 = (1 + 0.7𝐷)𝑍𝑛



Example





Autoregressive Integrated Moving Average: 
ARIMA(p,d,q)

𝐴𝑅𝐼𝑀𝐴 0,1,1  𝑜𝑟 𝐼𝑀𝐴 1,1

𝐴𝑅𝐼𝑀𝐴 𝑝, 𝑑, 𝑞 : 𝜙𝑝 𝐷 1 − 𝐷 𝑑𝑋𝑛 =  𝜃𝑞(𝐷)𝑍𝑛

(1 − 𝐷)𝑋𝑛= 1 − 𝜃𝐷 𝑍𝑛 

(1 − 𝐷)𝑋𝑛= 1 − 0.7𝐷 𝑍𝑛 

𝑋𝑛 − 𝑋𝑛−1 = 𝑍𝑛  − 0.7𝑍𝑛−1 

𝑋𝑛 = 𝑋𝑛+1 +  𝑍𝑛  − 0.7𝑍𝑛−1 



Identifying & Fitting a model
▪ Given a time series,  first step is to analyse it to identify the possible stochastic 

model (processes) it comes from. 
▪ Is it a MA, AR, ARMA or ARIMA processes?

▪  For Identifying potential model, use ACF, PACF.

▪ Once a potential model is identified, We fit a model on time series to estimate 
the coefficients of model 𝜃𝑖  and 𝜙𝑖.
▪ Linear Regression is one approach
▪ There are python libraries that can do that
▪ The fundamentals of fitting a model and utilizing it will be covered Principles of 

Machine Learning Module.

▪ Once a model is fit, we test the quality of fitness using some criteria



Quality Criteria: Self-reading Section 

▪ Sum of Squared Error

▪ R square Error

▪ Akaike Information Criterion

▪ Bayesian Information Criterion



Quality Criteria: Self-reading Section 
▪ Sum of Squared Error
▪ R square Error



AIC: Self-reading Section 
The AIC tries to help you assess the relative quality of several competing models, just like 
adjusted 𝑅 square in linear regression, by giving credit for models which reduce the error sum of 
squares and at the same time by building in a penalty for models which bring in too many 
parameters

p-terms in the model

n-data points

Alternative definition for AIC

𝐴𝐼𝐶 = log ො𝜎2 +
𝑛 + 2𝑝

𝑛
ො𝜎2 =

𝑆𝑆𝐸

𝑛

𝐴𝐼𝐶 = −2log 𝑀𝐿 + 2𝐾

𝑀𝐿 =  𝑚𝑎𝑥𝑖𝑚𝑢𝑚 − 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑
𝐾 =  𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑖𝑛 𝑚𝑜𝑑𝑒𝑙



BIC: Self-reading Section 

𝐵𝐼𝐶 = Klog 𝑛 − 2log(𝐿(ෝw))

𝐿 ෝw =  𝑚𝑎𝑥𝑖𝑚𝑢𝑚 − 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑
𝐾 =  𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑖𝑛 𝑚𝑜𝑑𝑒𝑙
𝑛 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑖𝑧𝑒



Advices for TSA
▪ Go through the slides

▪ All the contents of the slides are relevant for the module  and exam

▪ Jupyter-Notebooks are to help you understand the computations

▪ Be very careful with natation -  different books/lectures use different notations

▪ Go through the Book examples and details

▪ Read the theory about quality criteria
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