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Recap

So far, we have learned:
> Basic concepts of Stochastic Processes, Random Variables
> Time series as Stochastic Process

o Characteristics of time series: Stationarity, Seasonality, Non-stationarity
o Autocovariance Function AVF: y;. and estimations

o Autocorrelation Function ACF: p;, and estimations

o Partial Autocorrelation Function PACF - will be covered after models




Random Walk

Model: Xn — Xn—l + él_ ZTLN N(‘U,O'Z)

Yo=Y 7+ ¥
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Random Walk

Model: X, =X, 1+7Z,

Stationary or not??



Random Walk: Simulate and compute AVF and ACF




random-walk Autocorrelation Function
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Difference Operator on random walk

Difference Operator n~

o Difference Operator VX =X, — Xn-1 DX(\ = AN -

© Xn T Xn—l — Zn — VX—nO.LSL—.
- —

> Now we can compute AVF and ACF of VX

Stationary or not??




Simulate




random-walk Autocorrelation Function
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Connection to Signal and Systems
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. o
Moving Average processes: MA(Q)

Stationary Time Series Models Z,~ N(u,c?) iid noise

Model: order g

n-bhabe) D ey MM}

MA(1): X, = Zy + 0124 ‘&_ﬂ T
MA(2): X, = Zy + 61 Zn—1 + 027,
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Simulate

Compute ACF




Simulate
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Autoregressive Processes: AR(p)

Stationary Time Series Models Zn~ N(u,0?) iid noise

Model: order p
Xn = Zn + history

Xn=Zn+ o1 Xn_1+ P2X_5 ... gqun:Lo

——

—_—

- T ~—
nis I'OYf Xl j~ X
AR(1): X, = Zn+ P1Xn—1 -- rwk for p1=1
AR(2): Xy, = Zp + P1Xn—1 + P2 Xn—







Simulate / // - Od)ﬁ
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m(m ~0.Fh(n- >‘I'O%h(n~¢) = ()
W) -0 HDhw) +0 }DW) = 3



Connection to Signal and Systems
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D: Delay Operator (B backshift operator)

There are different notations for this operator, we will use D for this operator
taking from Signal and Systems lectures
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AR and MA

ARX _Z +@-Xﬂ_:-1—~+¢2 Tl— QCI—XRP
MA: X, =2, +6:Z,,_1 + 0,72 HZ_
‘n \ 14n-1 24n-2 n

\_/_/Q/

Xn =Zy+ $1DXp + p,D*X,, ... p,DPX,
X,(1 — (¢1D + ¢p,D? ... + ¢qDP))>= Zn

S~—

Xpp(D) =27,

1
Xn ¢(D) 5

1
L—




AR and MA Processes

MA(q) XTL — ZTL + le‘n—l + HZZTL—Z HC[ZTL—CI

((n = 09(D)Z, 69(D) = (1 + 6D +6,D* + ..+ 6,D9)

A\RLP) Xn =Zn 1 X1+ 92X . GgXn—p

[_@ ¢P(D) =1— (¢1D + ¢$,D* + ...+ ¢,DP)




/A \ =
e |
Duality & Invertibility

MA(q) = AR() : invertibility condition
AR(q) = MA(x) : stationarity condition

MA(q): X, = 69(D)Z, AR(p):Z, = P (D)X,
X, = 09(D)Z, v
1 X, =2, ¢P(D)

NACY




AR(1) Process, Stationary?

Xn=2n+ ¢p1X5_1




AR(1) Process, Stationary?

Xn=Zn+ Xy

Xn—PXn_1 = Zy
X, —¢DX,, = Z,

¢(D)Xn =Zn

1

X. =
" 1-—¢D

Zn

X, =[1+¢D+ ¢?D*+ ..1Z,

E[X,] =0
VarlX,] = o* z 0%




Example




Simulate

AR(2) Autocorrelation Function
109 &
0.8 -
]
_ & 0.6
L Il
x (& 0 4 .
0.2 A
0.0 A
’ Y ! : ! Y 0123456 7 8 91011121314151617181920
0 200 400 600 800 1000 K
4 AR(2) Autocorrelation Function
1.0
3 -
0.8 -
2 -
a 0.6
T 14 Il
= & 0.4
o - ¢ LY
0.2 - ||
e S—
0.0 ;
=21 0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 9510

0 20 40 60 80 100 Kk




Simulate

AR(1)

x(n)
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Summary: Problem

For MA(q) processes, ACF reveals the order of model - FIR

For AR(p) processes, ACF shows infinite order - IIR




Partial Autocorrelation Function: PACF

= With models like AR, there are more random variables

that are highly correlated to each other. @ @ @
" For example, X, might be highly correlated to other Q_.

Xpi1and X, 5 too

"Computing correlation of X, and X, after removing the
correlations from other variables is called conditional
correlation or partial correlation

Corr(Xp, Xg | Xpi1, Xpi2 o Xpiqo1)

Pe = Corr(Xp, Xpii | Xpr1, Xpro - Xpik—1)




Py = Corr(Xp, Xpix | Xpr1) Xp+2 - Xprk—1)

Partial Autocorrelation Function: PACF

Partial autocorrelation is defined as:

Cov|(Xy =Xp)Xp+x — Xpa)]

\/V&T(Xp :_)?p)\/Var(XpHc — )?p+k)

Pk=

Where

Xp = BiXps1 + BaXpiz + o + Bro1Xpik-1

Best estimation with Linear regression fit




Py = Corr(Xp, Xpix | Xpr1) Xp+2 - Xprk—1)

Partial Autocorrelation Function: PACF

Partial autocorrelation is defined as:

Cov|(Xp — Xp)(Xpsr — Xpi)]

\/V&T(Xp — )?p)\/Var(XpHc — )?p+k)

Pk=

In terms of linear regression

Xpik = GraXpsk—1 + ProXpik—2 + -+ G Xp +epii




Ref: Book: Section 2.5.4

Estimation Partial Autocorrelation Function: PACF

Partial Autocorrelation can be estimated using recursive equations

al k T oy
Pr+1 — Zj:l ¢kjpk+1—j
k oA
1 — Xi=1 Grjbkj

¢k+1,k+1 —

Pr+1,j = Pkj — Pr+1k+1Phk+1—j forj=1 ..k




Chapter 2:
Example 2.4,
Example 2.5

Example: ACF, PACF

X =[13,8,15,4,4,12,11,7,14,12]




Solution

—0.1388,
—0.201,
0.181,

p,= —0.188,
—0.245
—0.234,
0.097,

t Z,  Zin Zisa Ziy3 v 2y Z—>
1 13 8 15 4

2 8 15 4 4 13

3 15 4 4 12 8 13
4 4 4 12 11 15 8
S 4 12 11 7 4 15
6 12 11 7 14 4 4
7 11 7 14 12 12 4
8 7 14 12 11 12
9 14 12 7 11
10 12 14 7




Partial Autocorrelation Function: PACF




Questions for practice

ACF: 2.5.3,
Chapter 2:
Example 2.4
Example 2.5

Checked solved examples

Chapter 3:

Checked solved examples




Autoregressive Moving Average: ARMA(p,q)

A generalized for for AR, MA or combination 4PN

MA(q): X, = 89(D)Z, m\é’@

AR(p): Z, = ¢P (D) Xy,

ARMA(p, q): ¢ (D)X, = 09(D)Z,




ARMA(p,q)

ARMA(1,1)
(1+ ¢:D)X, =(1+6,D)Z,

(14 0.3D)X,, = (1+0.7D)Z,

X\q ‘/ibé Xln»| — /k/\/\ T Dj(%vx/\




Example







Autoregressive Integrated Moving Average:
ARIMA(p,d,q)

ARIMA(p,d, q): n = 09(D)Z,
__/

ARIMA(0,1,1) or IMA(1,1)

(1 -D)X,= (1-6D)Z,

(1 -D)X,= (1—0.7D)Z,

Xy =Xy =2y —0.7Z,_4

Xy =Xpaq + Zy —0.7Z,_4




|[dentifying & Fitting a model

" Given a time series, first step is to analyse it to identify the possible stochastic
model (processes) it comes from.
= |sita MA, AR, ARMA or ARIMA processes?

" For Identifying potential model, use ACF, PACF.

= Once a potential model is identified, We fit a model on time series to estimate
the coefficients of model 8; and ¢;.

" Linear Regression is one approach
= There are python libraries that can do that

= The fundamentals of fitting a model and utilizing it will be covered Principles of
Machine Learning Module.

*= Once a model is fit, we test the quality of fitness using some criteria




Quality Criteria: Self-reading Section

= Sum of Squared Error
= R square Error
= Akaike Information Criterion

= Bayesian Information Criterion




Quahty Criteria: Self-regding Section

= Sum qu red Err SSE




AlC: Self-reading Section

The AIC tries to help you assess the relative quality of several competing models, just like
adjusted R square in linear regression, by giving credit for models which reduce the error sum of
squares and at the same time by building in a penalty for models which bring in too many
parameters

n+2p _ SSE

n

~2

AIC =log(6%) + &

p-terms in the model
n-data points

Alternative definition for AIC
AIC = —2log(ML) + 2K

ML = maximum - likelihood
K = number of parameters in model




BIC: Self-reading Section

BIC = Klog(n) — 2log(L(W))

L(W) = maximum - likelihood
K = number of parameters in model
n = sample size




Advices for TSA

" Go through the slides
= All the contents of the slides are relevant for the module and exam
= Jupyter-Notebooks are to help you understand the computations

= Be very careful with natation - different books/lectures use different notations

" Go through the Book examples and details

= Read the theory about quality criteria




‘Qs’ Queen Mary

University of London
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